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OLI,EHKa C/TOXXHOCTU anropmntmos

3aqu AHAJIN3NPOBATb CNIOXKHOCTb
® Bpems B CeKyHLaX 3aBUCUT OT MALLNHbI N BXOGHbIX GAHHbIX
® VaobHee cumTaTh KOJNYECTBO 3/IEMEHTapHbIX onepauunii (Moaenb Huxxe)
® CpaBHeHUe aAropuTMOB BbINOMHsIETCS B TepMuHax acumntotukm (Big-O)



YnpouweéHHas moaenb

Y710 MBI CHMTaeM 3a oaHy onepauuto
® ApudmeTuyeckmne onepaumnn (BkaoHas butosbie)
® ObpatueHne k namstn (cuntaem ngeansHyro RAM)
® JlocTyn K 3nemMeHTy MaccuBa,/BekTopa
® Mogenb ynpowwgéHHas (namsTb MHOrOCNOHA B PeaibHOCTH), HO JOCTAaTOYHA AJis1 HALIUX PACcCy>XAeHU



O-notauus (Big-0)

®opmanbHoe onpeaeneHne
® Byaem nucats f(x) = O(g(z)) <= 3C >0: f(x) < C-g(x) npu goctaToqHo Bonblunx x
® O-HOTauWs ONNCLIBAET CKOPOCTb POCTa hyHKLMM ApU T — +00 — BaXKEH aCUMATOTUYECKMI TUN pocTa, a He
MHOXUTENN



Mpumepbl O-HoTauuu
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Mpumepbl O-HoTauuu
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Mpumepbl O-HoTauuu
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Mpumepbl O-HoTauuu
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YacTble Knaccbl COXXHOCTU

OT mMefneHHbIx K boicTpbiM (pocT hyHKLMIA)

O(1) — KoHcTaHTa

logn) — norapudm

\/T) — KopeHb

) — nuHeiiHas

logn) — kBasununelinas

2),0(n3) — nonuxomnanbHble

2™), O(n!) — akcnoHeHumanbHble/dakTopuanbHbe
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YacTble Knaccbl COXXHOCTU
OT MepneHHbIx K BbICTpbIM (pocT hyHKLMiA)

Time Complexity

Y /P
0(2%) )
o(n!) | 0(x3) 0

@ CPU Operations




BbICTpoe BO3BegEeHNE B CTENEHDb

Vgest bunapHoro sosseserusi (exponentiation by squaring)
® Hausroe: a? — d ymroxenuii — O(d)

result :=1
while deg =/ O:
if deg is even:
deg := deg / 2
num := num * num
else:
deg :=deg - 1
result := result * num



EbICTpoe BO3BegEeHNE B CTENEHDb

Vgest bunapHoro sosseserusi (exponentiation by squaring)

® Hausroe: a? — d ymroxenuii — O(d)
® BuHapHblii meTog: pasbusaem creneHb no gsondHomy npegctasnequio — O(logd)

result := 1
while deg =/ O:
if deg is even:
deg := deg / 2
num := num * num
else:
deg :=deg - 1
result := result * num



EbICTpoe BO3BegEeHNE B CTENEHDb

Vgest bunapHoro sosseserusi (exponentiation by squaring)

® Haushoe: a? — d ymHoxenuii — O(d)
® BuHapHblii meTog: pasbusaem creneHb no gsondHomy npegctasnequio — O(logd)
e 310 _-3.3.3.3.3.3-3.3-3-3

result := 1
while deg =/ O:
if deg is even:
deg := deg / 2
num := num * num
else:
deg :=deg - 1
result := result * num



EbICTpoe BO3BegEeHNE B CTENEHDb

Vgest bunapHoro sosseserusi (exponentiation by squaring)

® Haushoe: a? — d ymHoxenuii — O(d)

BuHapHbiii meTog: pasbusaem creneHb no gsomdHomy npeactasnenuto — O(logd)
30=3.3.3.3-3.3-3-3-3-3

310 — (32)5 — 95

result := 1
while deg =/ O:
if deg is even:
deg := deg / 2
num := num * num
else:
deg :=deg - 1
result := result * num



EbICTpoe BO3BegEeHNE B CTENEHDb

Vgest bunapHoro sosseserusi (exponentiation by squaring)

® Haushoe: a? — d ymHoxenuii — O(d)

® BuHapHblii meTog: pasbusaem creneHb no gsondHomy npegctasnequio — O(logd)
30=3.3.3.3-3.3-3-3-3-3

310 — (32)5 — 95

9% =(9%)2.9=2812.9

result := 1
while deg =/ O:
if deg is even:
deg := deg / 2
num := num * num
else:
deg :=deg - 1
result := result * num



EbICTpoe BO3BegEeHNE B CTENEHDb

Vgest bunapHoro sosseserusi (exponentiation by squaring)

® Hausroe: a? — d ymroxenuii — O(d)
® BuHapHblii meTog: pasbusaem creneHb no gsondHomy npegctasnequio — O(logd)

©30-=3.3.3.3.-3-3-3-3-3-3
° 3IO: (32)5:95
° 95 =(92)2.9=2812.9
® 812 = 6561
result :=1

while deg =/ O:
if deg is even:
deg := deg / 2
num := num * num
else:
deg :=deg - 1
result := result * num



EbICTpoe BO3BegEeHNE B CTENEHDb

Vgest bunapHoro sosseserusi (exponentiation by squaring)
® Hausroe: a? — d ymroxenuii — O(d)

® BuHapHblii meTog: pasbusaem creneHb no gsondHomy npegctasnequio — O(logd)
©30-=3.3.3.3.-3-3-3-3-3-3
° 310 — (32)5 — 95
° 95 =(92)2.9=281%2.9
® 812 = 6561
e Uroro: 310 = 6561 - 9 = 59049
result :=1

while deg =/ O:
if deg is even:
deg := deg / 2
num := num * num
else:
deg :=deg - 1
result := result * num



BbICTpoe BO3BegEeHNE B CTENEHDb

Vges bunapHoro sosseserusi (exponentiation by squaring)
® O(logd)
result := 1
while deg =/ 0:
if deg is odd:
deg :=deg - 1
result := result * num

deg := deg / 2
num := num * num



I'Ipocn:le Hucina n genuntenn — onpegeneHuna

Dopmynnposkm
® [lenutens: a — geantens n, ecam a € N, n ¢ a (1.e. n mod a = 0)
® [IpocToe 4ncno: HaTypanbHOe p > 1, y KOTOPOro poBHO ABa fennTens: 1 u p

® OcHosHas Teopema apudmetuku (Fundamental Theorem of Arithmetic):

® Jloboe yenoe n > 1 npeacTaBnsieTcs B BUAE NPON3BEAEHNS NPOCTLIX YUCEN, U 3TO NPEACTABEHNE EAUHCTBEHHO C
~ (&3 (e} «
TOYHOCTBIO O NOPsiAKa MHOXUTenei: 1 = pi'tpg? .. py~



Jlemma o NapHbIX aenantTensax

® Myctbn i anb=mn/a— napublii genutens, ab =n



Jlemma o NapHbIX aenantTensax

® Myctbn i anb=mn/a— napublii genutens, ab =n
® Toraa He mMoryT oba bbITb CTPOro MeHblue /1, nHade ab < n — npoTueopeyne



Jlemma o NapHbIX aenantTensax

® Myctbn i anb=mn/a— napublii genutens, ab =n
® Torga He mMoryT 0ba BbITb CTPOro MeHblue /11, MHade ab < n — NpoTUBOpeYMe
® U He moryT oba bbiTb Bonblue /1, uHade ab > n — Toxe NpOTMBOpeYMe



Jlemma o NapHbIX aenantTensax

Myctbn ¢ anb= n/a — napHblii genuTens, ab =n

Torga He MoryT 0ba 6biTb CTPOro MeHblue 1/, nHade ab < n — npoTuBOpeune
W He moryT oba bbiTh Bonblue /1, uHade ab > n — Toxe NpoTMBOpeYMe
CnepoBaTentbHo: Ans kaxaol napel oanH genutens < \/m, apyroii > \/n



Jlemma o NapHbIX aenantTensax

Myctbn ¢ anb= n/a — napHblii genuTens, ab =n

Torga He MoryT 0ba 6biTb CTPOro MeHblue 1/, nHade ab < n — npoTuBOpeune

W He moryT oba bbiTh Bonblue /1, nHade ab > n — Toxe NpoTMBOpeYNe

CnepoBaTentbHo: Ans kaxaol napel oanH genutens < \/m, apyroii > \/n

3HauuT, nepebpas a ot 1 go | /1], Mbl HaliféM MO OAHOMY MPEACTaBUTENIO U3 KaXKAON Nnapbi



CTpaTervm NMONCKa ,D,EJ'II/ITEJ'IGVI — warum mbican

Ot npocToro k ymHomy
® [lepebpaTb BCe a ot 1 go n (HameHo) — ouesuaHo O(n)



CTpaTervm NMONCKa AEHMTGJ’IEVI — warum mbican

Ot npocToro k ymHomy
® [lepebpaTb BCe a ot 1 go n (HameHo) — ouesuaHo O(n)
® [lepebpaTb a oT 1 go n/2 (onTumusauus: yucna Gonblue n/2 He genst n, kpome n camoro) — O(n), Ho ¢

KOHCTaHTOI %



CTpaTervm NMONCKa AEHMTGJ’IEVI — warum mbican

Ot npocToro k ymHomy

® [lepebpaTb BCe a ot 1 go n (HameHo) — ouesuaHo O(n)

® [lepebpaTb a oT 1 go n/2 (onTumusauus: yucna Gonblue n/2 He genst n, kpome n camoro) — O(n), Ho ¢
KOHCTaHTO %

® [MpumennTb nemmy: nepebupaTh TONbKO A0 /1, AobaBnas naphbii n/a — O(y/n)



Mpumep (nowaroso) ana n = 36

Kak Bepér cebs kakablii MeToq,

® [lepebop po n:
® npoeepsitoTcsa qucna 1..36 — HaiigeHs genutenn: 1,2,3,4,6,9,12,18,36
® [lepebop po n/2:
® npoeepsitoTca 1..18 — Te e genutenu, kpome 36
® Tepebop a0 +/n (3neck /36 = 6):
® a=1— napsbi: (1,36)
® g =2 — napsi: (2,18)
a =3 — napsi: (3,12)
a =4 — napei: (4,9)
a =5 — He genut
a =6 — napHbiii: (6,6) — KOpeHb, y4NTbLIBaTb OAUH Pa3



Npes: nepebop po /n n pobasnenvne napHoro genutens

Mowarosoe onucaxne
® [lns kaxpgoro a ot 1 go [v/n]:
® Echun @ a, 70 b =n/a — napHsbiii genutens
® Ecan a # b, HyxHO y4ecTb 0ba a u b
® Ecan a = b (TouHbIll KBafpaT) — y4ecTb ero ofuH pas

® Konuyectso ntepaunii — [/n] — O(y/n)



Koa: nepebupatb kopHs
MpocToin BapuaHT (6e3 xpaHeHust)

#include <iostream>
#include <cmath>
#include <cstdint>

int main() {
int64_t n;
std::cin >> n;
for (int64_t a =
if (n % a =
int64_t b / a;
std::cout << a << ' ';
if (a != b)
std::cout << b << ' ';

3

; axa <= n; ++a) {

1
0 {
n

|~

}
}

std::cout << '\mn';

Meuvats bymeT B Nopsigke «Manblii, 6ONbLWONA, Manblii, GONLLION...» — HE OTCOPTUPOBAHO MO BO3PACTaHWIO, HO
KOPPEKTHO



CnoxHocTb meToaa 80 /n

MogpobHo

® Wrepaunii yukna — [/n]
® B kaX[oii uTepauun — KOHCTaHTHbIV Habop onepauuii
® Vitoro: O(y/n) — ansa Gonblunx n 3HaunTensHo nydwe, yem O(n)



Moac4ér 4eTHbIX aenutenen — naen



Moac4ér 4eTHbIX aenutenen — naen

® [lns kaxporo a < \/n:

Ecimn i a, B3aTb b =n/a
Ecan a 4étho — ++cnt

Ecnn b yétho — ++cnt
Ecnn a == b 1 4&tHo — ymeHbwNTb cnt Ha 1 (Mbl nocunTann ABaxabl)

® Vyectb 1 1 n npu HeobxogumocTn (oHN MOryT BbiTh/He BbITh HETHBIMM)



dakTopusaums (pas3noxeHne Ha NPOCTbIE MHOXUTENN)

. — 1,2 Qe
Xotum: m = p;'py® ... py
Waém no peantensm p = 2,3, ..., | /1]
[Ons kaxkgoro p: noka m : p, AeNUM N/ = p U yBeNnYmMBaeM CHETUMK CTenenn k
Ecnn nocne unkna n > 1, To octawuiics n — npoctoe (bonblie /1 ncxogHoro)

Beigogum mHoxuTenn pF
Cnoxnoctb: O(y/n)






NTor

KopoTko
® AHanusupyem COXHOCTb B TEpMUHAX KoamdecTsa onepauuii (Big-O)
® Mepebop aenuteneii: HaueHbili O(n) — ontumusauus go O(y/n) No nemMme 0 NapHbIX AeNUTENsX
® Trial division paér daktopusaumio 3a O(y/n) Ha npakTuke (415 NPOCTbIX 3a4ad)
® [1ns BonblIMX HUCen HyXHbl bonee NPogBUHYTbIE MeTOAbl — 3TO byaylas Tema



